Abstract. We realize the Jiang-Su algebra, all UHF algebras, and the hyperfinite II 1 factor as Fraïssé limits of suitable classes of structures. Moreover by means of Fraïssé theory we provide new examples of AF algebras with strong homogeneity properties. As a consequence of our analysis we deduce Ramsey-theoretic results about the class of full-matrix algebras.
Introduction
Fraïssé theory is an area of mathematics at the crossroads of combinatorics and model theory. It originates from the seminal work of Fraïssé from [Fra54] in the case of discrete countable structures. Broadly speaking Fraïssé theory studies the correspondence between homogeneous structures and properties of the classes of their finitely generated substructures. The age of a countable structure is the collection of its finitely generate substructures and the ages of homogeneous structures are precisely what are now called Fraïssé classes. Conversely given any Fraïssé class one can construct in a generic way a countable homogeneous structure with the given class as its age. Moreover this structure, called the limit of the class, is uniquely determined up to isomorphism.
Fraïssé theory has been recently generalized to the case of metric structures by Ben Yaacov in [BY] . In this setting he showed, building upon previous works of Henson (unpublished) and , that the Gurarij Banach space can be realized as the Fraïssé limit of the class of finite-dimensional Banach spaces. As a consequence he obtained an alternative proof of uniqueness of the Gurarij space up to isometry, previously established by Lusky [Lus76] and Kubiś-Solecki [KS13] . Alternative approaches to Fraïssé limits in the metric setting have been suggested in [Kub14, Sch07] .
In this paper we study Fraïssé limits of C*-algebras. In particular we show that important C*-algebras can be described as Fraïssé limits of suitable classes. As in [MT14] , we work under slightly less general assumptions than [BY] , and we consider only classes where the interpretation of functions and relations symbols are Lipschitz with constants that does not depend from the structure. Moreover we consider Fraïssé classes that are not complete and are not closed under substructures. The reason we do this is that the class of finitely generated substructures of a given C*-algebra tends to be too large. Most of the interesting examples of Date: November 24, 2014. The genesis of this paper was a Fields Institute summer research project. The authors would like to thank the Institute for an excellent research environment. We would also like to thank Aaron Tikuisis for helpful conversations. C*-algebras are in fact finitely generated, and even singly generated. As a consequence we only considers classes that are made of suitable "small" subalgebras of the given C*-algebra.
We show that the Jiang-Su algebra Z [JS99] and all UHF algebras [Gli60] are limits of suitable Fraïssé classes. Both Z and UHF algebras are examples of C*-algebras of fundamental importance for the classification program of C*-algebras, a survey of which can be found in [RS02] , [ET08] . Furthermore we prove that, while the class of finite-dimensional C*-algebras is not Fraïssé, one can obtain a Fraïssé class by adding a distinguished interior trace and imposing a restriction on the number of direct summands. This provides new examples of AF algebras satisfying strong homogeneity properties. Finally we deduce a Ramsey-type result for the class of matrix algebras, either endowed with the operator norm or with the trace-norm. This is obtained from the above mentioned description of infinite type UHF algebras as limits, together with a similar characterization of the hyperfinite II 1 factor R. We use the observation that the corresponding automorphism groups are extremely amenable which is a result due to Gromov [Gro83] . The other ingredient is the well known connection between extreme amenability and Ramsey-theoretic properties of a Fraïssé class originally established in [KPT05] and recently generalized to the metric setting in [MT14] .
The rest of the present paper is divided into six sections. In Section 2 we recall the basic notions and results of Fraïssé theory, adapted to the framework of C*-algebras. Section 3 contains the results about UHF algebras, AF algebras, and the hyperfinite II 1 factor. The description of the Jiang-Su algebra as Fraïssé limit is presented in Section 4. We recall the notions of Lévy groups and extremely amenable groups in Section 5, where we observe that the automorphisms groups of R and infinite type UHF algebras are Lévy. This is used in Section 6 to deduce Ramsey-type results about the class of full matrix algebras. We conclude in Section 7 with a discussion of future lines of research and open problem.
Fraïssé limits of C*-algebras
In this section we define Fraïssé classes of C*-algebras and their Fraïssé limits. Since we are considering only structures based on C*-algebras, we find it convenient to give a presentation closer to that of [MT14] than the more general approach taken in [BY] . Our definitions are not identical to those of either [MT14] or [BY] ; see Remark 2.6 for discussion of the differences.
Definition 2.1. Let A be a C*-algebra, and a a tuple from A. The subalgebra generated by a is the smallest C*-subalgebra of A which contains a, and is denoted a . We say A is finitely generated if there is a finite tuple a such that A = a .
Remark 2.2. The condition that a C*-algebra be finitely generated may be weaker than it appears. It is known that a large class of separable unital C*-algebras, including all those which are Z-stable, are generated by single elements (see [TW14] for this result and further discussion). In particular, some of the C*-algebras we will construct as Fraïssé limits will be singly generated. This necessitates some modifications to the definition of Fraïssé classes and limits; specifically, we will consider classes of finitely generated algebras together with distinguished finite generating sets. Definition 2.3. Let K be a class of finitely generated structures with distinguished generators.
(1) We say that a structure is a K-structure if M can be locally approximated by members of K, in the sense that for every ǫ > 0 and every a ∈ M , there is A ∈ K with A ⊆ M and d(a, A) < ǫ. (2) The class K has the near amalgamation property (NAP) if whenever A, B 0 , B 1 ∈ K, and ϕ i : A → B i are morphisms, then for every ǫ > 0 there is a C ∈ K and morphisms ψ i :
where a is the distinguished generating set of A. there is C ∈ K such that A and B embed into C.
The properties defined above have clear analogues in classical Fraïssé theory. In the classical setting one works with countable classes of finite structures, in order to ensure that the resulting limit object is also countable. In the metric setting it is necessary to replace countability by separability in a suitably chosen topology, which we now describe. If K is a class of finitely generated structures, we denote by K n the subclass of K consisting of all members of K whose distinguished generating sets have size n. If K has NAP, we can define a pseudo-metric on K n by defining Remark 2.6. Our definitions differ from those in [BY] . First, we have followed [MT14] 
AF algebras
We now turn to describing several examples of Fraïssé classes of finite-dimensional C*-algebras. Throughout this section, when we discuss M n (C) we are considering it as being n 2 -generated by the standard matrix units. We will make frequent and unmentioned use of the following well-known properties of finite-dimensional C*-algebras. (1) Every finite-dimensional C*-algebra is isomorphic to a finite direct sum of matrix algebras. When we consider finite-dimensional algebras, we take the distinguished generators to be the direct sums of the distinguished generators of the matrix algebras.
We begin by observing that when we consider classes of finite-dimensional C*-algebras near amalgamation can be replaced by actual amalgamation. (
Proof. The direction (2) =⇒ (1) is obvious. For the other direction, suppose that K has NAP, but not AP. Take A, B 1 , B 2 ∈ K, and let ϕ i : A → B i be morphisms.
By definition of NAP, with ǫ = 1 2 , there is a K-structure C, and maps ψ i :
We claim that C satisfies the definition of AP. Consider the Bratteli diagrams of the embeddings ψ 0 ϕ 0 and ψ 1 ϕ 1 of A into C. If these Bratteli diagrams are the same, then after conjugating by a unitary we have ψ 0 ϕ 0 = ψ 1 ϕ 1 , so C exactly amalgamates B 0 and B 1 over A. If the Bratteli diagrams are not the same, then for some i the ranks of the matrices ψ 0 ϕ 0 (0, . . . , I ni , . . . , 0)) and ψ 1 ϕ 1 (0, . . . , I ni , . . . , 0) are not equal. These images are then projections of different ranks, so
which contradicts our choice of C.
In the setting of Banach spaces, the class of all finite-dimensional Banach spaces is a Fraïssé class, with the Gurarij space as its limit (see [BY, Section 3 .3]). By contrast, the class of all finite-dimensional C*-algebras is not a Fraïssé class: Proof. We show that this class does not have AP. Let A = C ⊕ C, B = M 2 (C), and C = M 3 (C). Consider the following embeddings ι A,C : A → C and ι B,C : B → C:
Suppose that D is a finite-dimensional C*-algebra which amalgamates B and C over A with respect to these embeddings, via embeddings ι B,D and ι C,D . Let
(1, 0), and note that
On the image of B in D the trace τ D restricts to a trace, which must be the unique trace τ B from B. Therefore,
Similarly, τ D restricts to the unique trace τ C on the image of C in D. Then we have
This contradiction finishes the proof.
3.1. UHF algebras. If we restrict our attention to subclasses of the class of matrix algebras, we can obtain UHF algebras as Fraïssé limits. Recall that a separable unital C*-algebra which arises as the direct limit of unital embeddings of matrix algebras is called a uniformly hyperfinite (UHF) algebra. It is well-known that UHF algebras are classified by supernatural numbers, that is, formal products p prime p np , where each n p ∈ N ∪ { ∞ }; given a UHF algebra A, which is the direct limit of M k1 → M k2 → · · · , the associated supernatural number is given by
Chapter 4] for more details.
Theorem 3.4. Every UHF algebra is a Fraïssé limit.
Proof. Let A be a UHF algebra, and write A as the direct limit of matrix algebras M n1 , M n2 , . . .. As usual, we view each M ni with its standard matrix units as
We then have
In particular, it is clear that WPP holds. The class K has a minimal element M n1 , so JEP will be a consequence of AP. To see AP, note that if M ni is embedded in M nj and M n k , and (without loss of generality) n j ≤ n k , then M nj embeds in M n k in a way which (up to unitary equivalence) respects the embedding of M ni . Therefore M n k itself serves to amalgamate M nj and M n k over M ni . It is clear from the construction of the Fraïssé limit of K that this limit is a UHF algebra with the same supernatural number as A, and hence is isomorphic to A.
An argument similar to the one in Theorem 3.4 shows that the class of full matrix algebras with injective (not necessarily unital) *-homomorphisms as morphisms is a Fraisse class. The corresponding limit is the algebra K of compact operators on the separable infinite-dimensional Hilbert space [Bla06, Section I.8].
3.2. The hyperfinite II 1 factor. A similar argument applies to full matrix algebras when regarded as tracial von Neumann algebras. A tracial von Neumann algebra is a unital C*-algebra M endowed with a distinguished trace τ such that the unit ball of M is complete with respect to the trace-norm x τ = τ (x * x) 1 2 . As was shown in [FHS14] , tracial von Neumann algebras can be regarded as metric structures in the language of unital C*-algebras with a distinguished trace, where the symbol for the metric is interpreted as the distance associated with the tracenorm. A tracial von Neumann algebra is separable if it is separable with respect to the trace-norm.
A finite factor is a tracial von Neumann algebra (M, τ ) such that the center of M consists only of the scalar multiples of the identity. In such case the trace τ on M is uniquely determined. Full matrix algebras are examples of finite factors. A finite factor that is not isomorphic to a full matrix algebra is called a II 1 factor. Equivalently a finite factor is a II 1 factor when the trace assumes as values on projections all the real numbers between 0 and 1.
A II 1 factor is hyperfinite if it can be locally approximated (in trace-norm) by full matrix algebras. The unique hyperfinite II 1 factor is traditionally denoted by R. A concrete realization of R is the direct limit of the direct sequence (M 2 n (C)) n∈N in the category of tracial von Neumann algebras. The same proof as Theorem 3.4 shows that the class of full matrix algebras regarded as finite factors is a Fraïssé class. Since a direct limit of finite factors is a finite factor, the Fraïssé limit of the class of full matrix algebras is the hyperfinite II 1 factor R.
3.3. Finite width algebras. To progress beyond UHF algebras, we need to consider more general classes of finite-dimensional algebras. With the obstacles encountered in Proposition 3.3 in mind, we make the following definitions.
Definition 3.5.
• A finite-dimensional C*-algebra A has width n if A can be written as a direct sum of exactly n matrix algebras.
• A trace τ on a finite-dimensional C*-algebra A is interior if, when τ is written as a convex combination of the unique traces on the matrix algebras which appear as direct summands of A, none of the coefficients are 0 or 1. τ is rational if all of the coefficients are rational. A direct computation from the definition of Φ (respectively, Ψ) being tracepreserving shows that for all 1 ≤ j ≤ n,
We consider the conditions necessary to create a trace-preserving amalgamation of B and C into M N (C). For each 1 ≤ i ≤ n, let s i be the number of copies of M li embedded in M N (C) by this hypothetical embedding, and let t i be similarly the number of copies of M ki . We immediately see that we must have
For the traces β and γ to be preserved (with respect to the unique trace δ on M N (C)), we must additionally have, for each 1 ≤ j ≤ n,
Finally, we must make our amalgamation respect Φ and Ψ. It is sufficient to ensure that each M hi from A embeds into M N via B and C with the same multiplicities. That is, we must satisfy the following for all 1 ≤ j ≤ n:
Finding any positive integers s 1 , . . . , s n , r 1 , . . . , r n satisfying 3.2, 3.3, 3.4, and 3.5 will complete the proof.
If we view Equation 3.3 as a linear system in variables s i then the facts that
and all b i , c i = 0 imply that the system of equations 3.3 is equivalent to
and similarly Equation 3.4 is equivalent to
Given these conditions, Equation 3.2 reduces to
If we choose any s n and define the remaining r i , s i as above, straightforward substitution shows that Equation 3.5 follows from Equation 3.1. Therefore if s n ∈ N is chosen so that the above formulas for the s i , r i all yield integer values, then Equations 3.2 -3.5 will be satisfied.
Proposition 3.7. The class of finite-dimensional algebras of width n with a distinguished interior trace has AP. Moreover, we can always choose the amalgam to have a rational trace.
Proof. Let A, B, C be algebras of width n with distinguished traces α, β, γ, and let Φ : A → B and Ψ : A → C be morphisms which each preserve α. By continuity, and the fact that α, β, γ are interior, the maps Φ and Ψ each preserve an open neighbourhood of traces around α. Let U be the intersection of these neighbourhoods, so Φ and Ψ both preserve U . Let τ 1 , . . . , τ n be rational traces on A which form the vertices of an (n − 1)-simplex contained in U . Apply Lemma 3.6 to each τ i to produce matrix algebras M N1 , . . . , M Nn which embed B and C over A with trace-preserving embeddings. Let D = M N1 ⊕ · · · ⊕ M Nn , and embed B and C into D by taking the direct sum of the embeddings into each M ni ; let Θ be the resulting embedding of A into D. The extremal traces on D are mapped by Θ to the τ i , so by convexity there is some interior rational trace δ on D which is mapped by Θ to α. Then (D, δ) is the required amalgam of B and C over A.
Theorem 3.8. For each n ∈ N, and each interior trace τ on C ⊕ · · · ⊕ C, the class K(n, τ ) of finite-dimensional C*-algebras A of width n with a distinguished interior trace α such that there is an embedding of C ⊕ · · · ⊕ C into A which preserves τ , is a Fraïssé class.
The Fraissé limit of K(n, τ ) is simple, has a unique trace, and is not selfabsorbing. As an abelian group, K 0 (A) is divisible and of rank n. Hence when n = m, the limits of K(n, τ ) and K(m, σ) are non-isomorphic.
Proof. It follows from Proposition 3.7 that this class has AP, and since this class has a minimal element, JEP is a consequence of AP. By Proposition 3.7 we have countably members of K(n, τ ) (namely, finite-dimensional algebras with distinguished rational traces) such that every other member of K(n, τ ) embeds into one of them. Since the space of substructures of a fixed member of K(n, τ ) is separable in d K , we conclude that K(n, τ ) has WPP. Let A denote the Fraïssé limit of K(n, τ ). It is clear from the proof of Proposition 3.7 that whenever a finite-dimensional algebra B appears in the construction of A, at some future stage there is a finite-dimensional algebra C such that each direct summand of B embeds into each direct summand of C. By [Dav96, Corollary III.4.3] the limit A is simple.
At each stage of the amalgamation in the proof of Proposition 3.7 we have a (B, ρ) ∈ K(n, τ ), and we choose an open set around ρ which is preserved by the relevant embeddings. Given any trace σ on B other than ρ, in a future stage we may amalgamate with (B, ρ) again, this time choosing an open set around ρ which does not include σ. So only the trace ρ is preserved to the limit algebra A, and hence A has a unique trace.
For the remaining claims, we consider K 0 (A). For any choice of sequence
. Each A k is a direct sum of exactly n matrix algebras, so as abelian groups, K 0 (A k ) ∼ = Z n . The maps in K(n, τ ) are embeddings, and so the maps in the direct limit of K 0 groups are injective. For torsion-free groups rank can be defined directly in terms of linear independence, and it follows that the direct limit of rank n torsion-free abelian groups via injective maps has rank n; therefore we have rank(K 0 (A)) = n.
Finally, we show that A is not self-absorbing. By the Kunneth formula for C*-algebras [Sch82] there is an injective map K 0 (A) ⊗ K 0 (A) → K 0 (A ⊗ A). As K 0 (A) has rank n, we have that K 0 (A) ⊗ K 0 (A) has rank n 2 , and hence cannot be injected into the rank n group K 0 (A). Therefore K 0 (A ⊗ A) ∼ = K 0 (A), and also A ∼ = A ⊗ A.
The Jiang-Su algebra
The Jiang-Su algebra Z, constructed by Jiang and Su in [JS99] , plays a central role in the classification theory of C*-algebras; see e.g. [ET08] . The Jiang-Su algebra exhibits many of the properties of a Fraïssé limit, and it would be desirable to obtain it in this manner, in order to give simpler proofs of its existence and key properties. In this section we show that Z is indeed a Fraïssé limit. However, our proof is somewhat unsatisfactory, in that we will use the existence and some properties of Z.
Definition 4.1. Fix p, q ∈ N. The dimension drop algebra Z p,q is defined to be
considered as a C*-algebra with the operations inherited from C([0, 1], M pq (C)).
A dimension drop algebra Z p,q is prime if gcd(p, q) = 1.
Given a measure µ on [0, 1] there is a natural trace τ µ on Z p,q given by
where τ is the unique trace on M pq . The class K that we will consider is the class of all pairs (Z p,q , τ µ ) where p and q are co-prime and µ is Lebesque measure on (1) Z is a K-structure. 
Here Ad (u) : x → uxu * denotes the inner automorphism of Z associated with u. It should be noted that two maps ϕ, ψ as in Lemma 4.2(2) induce the same map at the level of the Cuntz semigroup. Therefore [Rob12, Theorem 1.0.1] applies to yield Lemma 4.2(2). We can now show that Z together with its unique trace is a Fraïssé limit of the class K. Proof. Suppose that (A, τ A ), (B, τ B ), (C, τ C ) ∈ K, ϕ : A → B and ψ : A → C are trace-preserving embeddings,ā is a distinguished generating set of A, and ε > 0. By Lemma 4.2(1) we may assume that B ⊆ Z, and that the restriction of the unique trace on Z to B is τ B . Similarly by Lemma 4.2(2) and Lemma 4.2(3) we can assume that C is embedded inside Z and moreover ϕ (a i ) − ψ (a i ) < ε for every i. Finally we can find a prime dimension drop algebra Z p,q in the inductive construction of Z such that the generators of B and C embed in Z p,q to within ǫ. The fact that dimension drop algebras are defined by weakly stable relations (see [JS99, Proposition 7 .3] and [CCF + 14] for the relevant model theory) shows that Z p,q is as required to show that NAP holds.
Lévy automorphism groups
A Polish group G is extremely amenable if every continuous action of G on a compact metrizable space has a fixed point. Suppose that (H n , d n ) n∈N is a sequence of compact metric groups. Denote by X the direct sum k H k endowed with a metric inducing on H n the metric d n and making H n a clopen subset of X. Denote by µ Hn the Haar measure on H n regarded as a Borel probability measure on X. The sequence (H n ) n∈N has the Lévy concentration property if for any sequence A n ⊂ X of Borel subsets such that lim inf n µ Hn (A n ) > 0 and for every ε > 0
A Polish group is Lévy if it admits an increasing sequence (H n ) n∈N of compact subgroups with dense union with the Lévy concentration property with respect to the metrics induced by a compatible metric on G. The importance of this notion is due to the fact that any Lévy group is extremely amenable [Pes06, Theorem 4.1.3].
If M is a II 1 factor then the automorphism group Aut(M ) of M is a Polish group with respect to the topology of pointwise convergence in trace-norm. Similarly if A is a separable C*-algebra then the automorphism group Aut(A) of A is a Polish group with respect to the topology of pointwise convergence in norm. The rest of this section is dedicated to the proof of the following fact: A similar result holds for the unitary groups. Extreme amenability of unitary groups of von Neumann algebras was studied in [GP02] by Giordano and Pestov, who characterized hyperfiniteness in terms of extreme amenability.
In the following if x ∈ M n (C) we define the trace-norm
where τ is the normalized trace on M n (C), and the Hilbert-Schmidt norm
where T is the non-normalized trace T ([a ij ]) = i a ii on M n (C). Moreover we denote by x the operator norm of x. Observe that the following inequalities hold:
We denote by d 2 , d, and d T the metrics on M n (C) corresponding to the tracenorm, the Hilbert-Schmidt norm, and the operator norm respectively. We denote by U n the unitary group of M n (C), and by SU n the closed subgroup of U n of matrices of determinant 1. A theorem of Gromov asserts that the sequence of groups (SU n , d T ) n∈N is Lévy [Pes06, Theorem 4.1.14]. As a consequence the sequences (SU n , d 2 ) and (SU n , d) n∈N are also Lévy. For every k, n ∈ N identify U k n with the closed subgroup of block diagonal matrices of U k n+1 . Observe that such embedding preserve both the operator norm and the Hilbert-Schmidt norm. We regard R as the direct limit of the sequence (M 2 n ) n∈N . We can identify U 2 n as a compact subgroup of the unitary group U (R) of R. Moreover n∈N U 2 n is dense U (R). Denote by Ad : U (R) → Aut(R) the continuous homomorphism sending u to the inner automorphism Ad(u) defined by Ad(u)(x) = uxu * . It is well known that Ad has dense range. As a consequence n∈N Ad [U 2 n ] is dense in the automorphism group Aut(R) of R. Observe moreover that Ad [U n ] = Ad [SU n ] for every n ∈ N since Ad(u) = Ad(λu) for every u ∈ U n and λ ∈ T. It is therefore an easy corollary of the fact that (SU n , d 2 ) n∈N has the Lévy concentration property that the sequence of closed subgroups (Ad [SU n ]) n∈N of Aut(R) witnesses the fact that Aut(R) is Lévy.
Suppose now that A is the infinite type UHF algebra obtained as a direct limit of the sequence (M k n ) n∈N . Identify U k n as a compact subgroup of U (A) and observe that n U k n is dense in U (A). As before Ad [U n ] = Ad [SU n ] and n∈N Ad [SU n ] is dense in Aut(A). It therefore follows from the Lévy concentration property of (SU n , d) n∈N that the sequence (Ad [SU n ]) n∈N witnesses the fact that Aut(A) is Lévy.
The same proof works when A is one of the AF algebras constructed in Theorem 3.8. Since K 0 (A) is linearly ordered, all automorphisms of A are approximately inner. This follows from Elliott's classification result [Dav96, Theorem IV.4 .3], observing that an automorphism that is trivial in K 0 is approximately inner. The Lévy property is then shown as before using the fact that the Bratteli diagram has bounded width.
Finally we observe that the automorphism group of the algebra K(H) of compact operators on the separable infinite-dimensional Hilbert space is extremely amenable. In fact denote by U (H) the group of unitary operators on H. Then U (H) is Lévy and, in particular, extremely amenable [GM83] ; see also [Pes06, Corollary 4.1.5]. Moreover the map u → Ad (u) from U (H) to Aut (K(H)) is a continuous surjective homomorphism. Therefore Aut (K(H)) is extremely amenable as well.
A Ramsey theorem for matrix algebras
In this section we deduce from Proposition 5.1 Ramsey-type results for matrix algebras. We will use the correspondence between extreme amenability of a Fraïssé limit and the Ramsey property of the corresponding Fraïssé class established in [MT14, Theorem 3.10] building on a previous results in the discrete case from [KPT05] .
Suppose that K is a Fraïssé class in the sense of Definition 2.3. If A, B are elements of K with distinguished set of generatorsā for A, denote by A B space of embeddings of A inside B endowed with the metric Suppose that B is a unital subalgebra of the hyperfinite II 1 factor R Endow the space M k B of unital embeddings of M k (C) into B with the metric
The following is an immediate corollary of Proposition 6.1, Theorem 6.2 and the extreme amenability of Aut(R). Using the extreme amenability of the automorphism groups of infinite type UHF algebras one can obtain similar results for matrix algebras with respect to the operator norm. If q = p p np for n p ∈ {0, ∞}, then we denote by M q the infinite type UHF algebras with associated supernatural number q. For A ⊂ M q define M k A to be the set of embeddings of M k (C) into A endowed with the metric Finally one can use the fact that the algebra K(H) of compact operators is the Fraisse limit of the class of full matrix algebras, and that Aut (K(H)) is extremely amenable to obtain the analogs of the above results where one considers not necessarily unital injective *-homomorphisms as embeddings. The same results hold for the finite width AF algebras and their associated Fraïssé classes as described in section 3.
Future work
The present paper represents the beginning of the study of Fraïssé classes of C*-algebras, and many open questions remain.
Both the Jiang-Su algebra and the infinite type UHF algebras are examples of strongly self-absorbing C*-algebras (see [TW07] , and [Far14a] . Every strongly self-absorbing C*-algebra is an atomic model of its theory, and all atomic models can be viewed as Fraïssé limits of their type space. Nevertheless, strongly self-absorbing C*-algebras share a number of properties with the Fraïssé limits not common to all atomic models, and it is natural to conjecture that all known, and perhaps all, strongly self-absorbing algebras can be construed as Fraïssé limits of Fraïssé classes from which information about their automorphism group may be extracted. Since all strongly self-absorbing algebras are singly generated, and O 2 is moreover the universal algebra with two generators satisfying particularly simple relations, it may be necessary to consider Fraïssé categories other than C*-algebras, such as (unital) operator systems. It was recently shown by the last-named author that operator subspaces of full matrix algebras are a Fraïssé class [Lup14] whose limit is the noncommutative Gurarij space introduced by Oikhberg in [Oik06] .
Problem 7.1. Let A be a strongly self-absorbing C*-algebra. Is A a nontrivial Fraïssé limit?
Another question arises directly from our proof of Theorem 4.3 which relies heavily on results from Lemma 4.2.
Problem 7.2. Give a direct proof that the class of dimension-drop algebras with a distinguished trace is a Fraïssé class.
We note in fact that if one considers the class K of dimension-drop algebras with distinguished traces as used in Section 4, we could modify the construction by considering a new class K ′ which is just the closure of K under taking finite tensor products together with the induced traces. More or less the same proof presented in Section 4 shows that this is also a Fraïssé class and by considering the K-theory, the limit object is again going to be the Jiang-Su algebra. In this way, one can see directly from the Fraïssé construction that Z is self-absorbing. We do not know an extension of this proof which would show that Z is strongly self-absorbing.
It would be desirable to have a uniform proof that A ⊗ A is isomorphic to A for all strongly self-absorbing algebras. Proofs that O 2 and Z enjoy this property are nontrivial and both of these proofs precipitated remarkable progress (see [RS02] , [ET08] ). Such proof would give information about other strongly self-absorbing algebras, as well as Jacelon's non-unital analogue of Z ([Jac12]).
Problem 7.3. Is Jacelon's simple, monotracial, stably projectionless C*-algebra W a Fraïssé limit? Is W ⊗ W ∼ = W?
The construction of W resembles the construction of Z, with the role of dimensiondrop algebras being played by the so-called Razak building blocks ([Raz02] ).
An another goal of this research is to shed new light on strongly self-absorbing C*-algebras like Z, O 2 , and O ∞ and their automorphism groups. For example an affermative answer to Problem 7.1 would be a first step towards the solution of the following problem. 
